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I. INTRODUCTION

The pairing (or clumping) instability [1]], [2]] is a numerical
issue that affects the analysis of phenomena such as turbulence
and shock waves via Smoothed Particle Hydrodynamics (SPH)
techniques [3[], [4]. SPH algorithms are characterised by a
reordering mechanism, by virtue of which the system typically
converges towards semi-regular, glass-like structures. However,
when considering turbulent flows or situations in which shocks
are present, some level of particle disorder cannot be avoided. In
these cases, a natural attempt to improve the convergence of SPH
simulations is to increase the number of neighbours, Ny, consid-
ered in the estimation of the system local density. Nevertheless,
the use of large Ny gives rise to the pairing instability, which
causes particles to form closely paired, unphysical structures.
Solutions to the pairing instability have been proposed where
the focus is on the mathematical properties of the smoothing
kernel appearing in the definition of the density estimator (see,
e.g., [3]]), or on the use of tessellation techniques [6].

In this work, we study the pairing instability from a thermo-
dynamic perspective, in the context of the Generalised Energy-
Conserving Dissipative Particle Dynamics (GenDPDE) meso-
scopic approach [7]. GenDPDE is a bottom-up, Lagrangian,
coarse-grain (CG) method, based on an internal thermodynamic
description for the particles which allows us to gain insights
into the driving mechanism for the pairing instability. More
specifically, we observe that the local particle aggregation coin-
cides with minimisation of the free energy associated with the
particles. In the absence of thermal agitation (as is the case in
SPH), this implies that the system pressure is also a minimum.
Focusing our attention on liquid conditions, we find that the
source of this unphysical behaviour is a poor evaluation of
the local density, calculated in GenDPDE through an estimator
that is formally analogous to its SPH counterpart. We therefore
propose a novel solution to this numerical artefact, based on
a redefinition of the density estimator that preserves modelling
simplicity and computational efficiency.
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II. MATERIALS AND METHODS

The GenDPDE framework describes particles as property car-
riers defined by a set of state variables, namely, mass m;,
position r;, momentum p;, and internal energy u,; (related to the
particle temperature ;). The dynamics of a GenDPDE system
is thus described by a set of discrete Langevin-like Equations of
Motion (EoM) that express the time evolution of these variables.
Moreover, each GenDPDE particle is characterised by a local
volume V;, or its corresponding number density n; = 1/V; [1_1
which is determined by the positions of all the neighbouring
particles located no farther than a certain cut-off distance R,
from particle <. Therefore, within this framework, it is possible to
define a particle free energy f;, from which the particle pressure
m; can be obtained as the derivative of f; with respect to n;.
Similarly to SPH algorithms, 7; is directly related to the forces
acting between the particles. In the present analysis, the local
pressure is described by the Tait Equation of State (EoS) for
weakly compressible fluids [8]], which represents a traditional
choice in SPH simulations:

A
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where v is a fitting parameter, 7y and ng are reference values
for the pressure and density respectively, and By = 1/(yr&r0),
with k7q the isothermal compressibility of the substance at the
reference state. From (), the particle Helmholtz free energy can
be derived, yielding
Br < n; > yr—1
+ — + (6, 2)
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with ®(0;) a given function of the particle temperature.
The local volume in GenDPDE has traditionally been esti-
mated through the expression [9], [10]]
1
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INotice that this is true for homogeneous kernels, while it may not necessarily
be the case for inhomogeneous kernels.
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where w;; = w(r; j) is a smooth, monotonically decreasing, non-
negative, spherically symmetric, normalised weighting function,
vanishing for an interparticle distance, r;; = |r; — r;j|, such
that 7;; > R.,.. Nevertheless, definition does not satisfy
volume additivity, thus inducing an approximation on the actual
system density which can negatively affect the calculation of the
system properties. This is particularly true for liquids, where the
potential interactions (which in GenDPDE depend on the local
density) are dominant over the kinetic contributions. In this case,
we find that the traditional density estimator leads the system
to an equilibrium configuration that is far from the imposed
nominal conditions and is characterised by an unphysical local
aggregation of particles. To circumvent these issues, we propose
an alternative definition of the particle volume, resulting from
an approximated solution of the partition of unity approach [[11]]:
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where w(Ar) is a weighting function analogous to (3)), but
considering a reduced cut-off distance Reyt = Reut/ feut, With
feut > 1 a tuning parameter. The explicit solution to yields
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with k; = (27/15)R3,,n?. Equation () ensures proper volume
estimation, provided that a suitable combination of R.,; and
feut 18 chosen. Moreover, despite an apparently more compli-
cated formula, this redefinition retains computational efficiency
and avoids additional complications in the derivation of the
model, unlike, e.g., a three-dimensional Voronoi tessellation
approach, which would require the calculation of three-body
contributions to the interparticle forces, thus breaking pairwise
additivity. The beneficial effects of () on the behaviour of
condensed phases are demonstrated by analysing the equilibrium
configuration of liquid Argon in terms of both, average thermo-
dynamic quantities and local structure, and comparing the results
obtained with the two density estimators for different values of
the cut-off distance R.,;.

III. RESULTS AND DISCUSSION
The considered thermodynamic state point and parameters of in-
terest for the GenDPDE simulations of liquid Argon are reported
in Tab. |l These correspond to the dimensionless parameters in
Tab. [} The fitting parameter appearing in the Tait EoS (I)) has
been set to y7r = 6.0.

The outcome of our tests considering both volume estimators,
(@) and @), are reported in Tab. [lIT] in terms of the average
temperature T, density n* and pressure P*. Here, estimator
(3) is identified as V-A, and estimator @]) as V-B. It can be
observed that, remarkably, V-A returns average densities that
are close to the value minimising the particle free energy (2),
n*. = 0.820, for all the considered cut-off distances. This in

min

TABLE I
STATE-POINT VALUES 1
To Po £0 KT0 Cy v A
(K] [MPa) | [kg/m3]| [1/Pa] | [J/(kg- | [Pa-s] | [W/(m-
K)] K)
125.7 85.31 | 1419.7 | 1.49x | 520x | 1.69x | 0.139
10—9 102 10-7

! These values indicate, from left to right: the nominal temperature, pressure,
mass density, isothermal compressibility, constant-volume heat capacity,
dynamic viscosity and thermal conductivity of liquid Argon.

TABLE II
DIMENSIONLESS PARAMETERS
Fow | T | B | m [ m | Gy [ v [ w2
1.3365| 0.0111| 0.127 1.000 | 0.1161| 12.51 23.42 | 0.0079
1.6839| 0.0111| 0.127 | 1.000 | 0.1161| 12.51 7.37 0.0025
2.1564| 0.0111| 0.127 | 1.000 | 0.1161| 12.51 2.14 0.0007

2 Notice that the dynamic viscosity and thermal conductivity are functions of
the cut-off distance at the mesoscopic level [12].

turn implies that the particle pressure tends to vanish. Given
the negligible contribution of thermal agitation, the values of
P* obtained in all V-A tests are thus close to 0. The use of
the estimator V-B, on the other hand, allows us to recover the
expected values for n* through the proper tuning of the scaling
parameter, which has been set to f.,; = {1.41,1.35,1.33} for
R, = {1.3365,1.6839,2.1564} respectively. As a result, P*
approaches Fj.

The consequences of the use of (3) and the beneficial effects
of the redefinition (B) are also visible in terms of the local
structure of the system, as displayed in Fig. [T} Here, the radial
distribution function (RDF) is shown for all the considered cut-
off distances, comparing the curves obtained using V-A and
V-B. Notably, simulations with V-A return structures that are
characterised by unexpected secondary shoulders, indicative of
a spurious local aggregation of particles at distances smaller than
R?,.. This unphysical behaviour, which is particularly evident
for R}, = 1.3365, reflects the tendency of the system to reorder
in a way that favours minimisation of the particle free energy
over equilibration at the desired thermodynamic state point.
Contrarily, the volume estimation in V-B eliminates this artefact,
allowing us to obtain typical liquid phase RDFs, consistent with
the dimension of the lowest length scale, namely (1/n)'/3.

Finally, by comparing the total simulation times for V-A and
V-B in all tests, Tab. [[V] proves that the redefinition (3] does not

TABLE III
AVERAGE THERMODYNAMIC QUANTITIES
. T* ’FL* P*
Rcut
V-A V-B V-A V-B V-A V-B
1.3365 0.0115+ 0.01124| 0.799+ 0.997+ | 0.008+ 0.136%
0.0001  0.0001 0.001 0.001 0.001 0.001
1.6839  0.0112+ 0.0112+| 0.811+ 1.000+£ | 0.011+ 0.128+
0.0001  0.0001 0.001 0.001 0.001 0.001
2.1564  0.0111+ 0.0111+| 0.870+ 1.000+ | 0.041+ 0.127£
0.0001  0.0001 0.001 0.001 0.001 0.001
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Fig. 1. RDFs for R}, = 1.3365 (left), R%,, = 1.6839 (centre), R},
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2.1564 (right). In all diagrams, the dashed line refers to the curves obtained with the

density estimator V-A, while the continuous line refers to estimator V-B. The different local structures obtained by considering (3) and (3) can be observed.

TABLE IV
TOTAL SIMULATION TIME 3

. Total simulation time [hours]
Rcut
V-A V-B
1.3365 25.11 26.84
1.6839 12.71 15.46
2.1564 15.84 16.34

3 All simulations have been performed using a homemade parallel Fortran code
and exploiting the same computational resources and number of CPUs.

affect significantly the numerical performance of the algorithm.

IV. CONCLUSIONS

In this work, we have exploited the local thermodynamic
framework of GenDPDE to investigate the pairing instability,
a relevant numerical issue that occurs in SPH simulations. We
have shown that the cause of this artefact is the poor evaluation
of the local density obtained by use of a traditional expression
for the volume estimator. More specifically, we have observed
that the non-negligible error in the density calculation leads
to an unphysical behaviour of the particles, which tend to
clump and move collectively, altering the local structure of the
system to favour energy minimisation over equilibration at the
imposed nominal conditions. We have demonstrated that these
numerical issues can be overcome if an alternative definition
of the volume estimator is considered instead, which yields a
significantly better density calculation while also maintaining
modelling simplicity and computational efficiency.
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