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Motivation – Previous Work
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MOTIVATION 

 Computational Solid Mechanics is a well established and mature 
subject and there is extensive software available.

 Formulations are usually displacement based where deformation 
gradient is a function displacement derivatives

 SPH is well established for Free surface flows

 There are various displacement based Updated Lagrangian or 
total Lagrangian formulations for solid mechanics

 Many stabilisation techniques have emerged in the context of 
displacement based SPH formulations that eliminate tensile 
stability and hourglassing

 In the CFD community entropy compliant stabilisation schemes 
such as upwinding or JST are routine used

 In recent years a new way of formulating solid mechanics as a 
system of first order conservation laws have been proposed by 
the authors – this allows the use of CFD stabilisation technology 
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MOTIVATION - Fracture

 In fracture mechanics experimental and DFT results have shown 
supersonic and intersonic solutions that cannot be explained by 2nd

order displacement based dynamic equations in linear elasticity

5

Cracks in rubber under tension 
exceed the shear wave speed
Paul J. Petersan, Robert D. Deegan, 
M. Marder, and Harry L. Swinney

Simulating materials failure 
…,Farid F. Abraham*†, ...

Hyperelasticity governs dynamic
fracture at a critical length scale
Markus J. Buehler1*, Farid F. 
Abraham2* & Huajian Gao1

Aims

 To derive a mixed formulations  for solid dynamics where 
variables are velocities/displacement AND an extended 
deformation set that renders the strain energy convex

 To derive conservation laws and jump conditions for deformation 
variables in dynamic applications

 To apply the framework to obtain novel analytical intersonic and 
transonic crack propagation solutions

 To use the framework to derive stable and consistent smooth 
particle hydrodynamic (SPH) formulations for solids

 To use this formulation to develop novel approaches for dynamic 
fracture
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 Consider a large deformation process:

 The fibre, area and volume map are defined by: 

Large Deformation Mappings
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Tensor Cross Product in Solid 
Mechanics

 The volume and area map are (3-D):

 Where the tensor cross product is:

Cof 1
0 0 02

1 1
0 0 0 03 6

( )

det : : ( )J

 

  

H x x x

x H F x x x

  

   

x

x

[ ]iI ijk IJK jJ kKA BA Bx  

8

1 1 2 2 1 2 1 2

( ) ( ) : ( )

( )( )

( ) ( ) ( ) ( )

 

    

     

v A B V v A B V

A B V W AV BW BV AW

v V v V v v V V

x x x

x

x



6/20/2025

5

 Large strain polyconvex strain energy functions      satisfy 
(Ball76):

 Neo-Hookean (or 2-D):

 Mooney-Rivlin:

Where:

Polyconvex elasticity

    convex( ,...) ( , , ,...);W J WF F H
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

Conjugate Stresses and 1st Piola-
Kirchhoff Tensor

 The conjugate stresses to fibre, area and volume maps are:

 The relationship between Piola-Kirchhoff and these stresses is:

 For Mooney-Rivlin:
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 Additional physical effects can be included through energy 
conjugate pairs. For instance, for thermal effects, entropy is the 
energy conjugate variable to temperature:

 The energy is now a convex multi-variable function as:

 Physical parameters can be used to derive particular functions: 

Multiphysics - thermoelasticity
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 Consider the conservation of linear momentum:

 In differential form:

 Conservation of Energy (first law of thermodynamics):

Dynamic Conservation Laws 
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Geometric Conservation Laws

 Conservation of deformation gradient:

 Conservation of volume map:
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Conservation of Area Map

 Using the tensor cross product:

 Where the material curl is:

 A conservation law emerges as:
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Conservation laws for Solid 
Dynamics

 The complete set of conservation laws is:

 And constitutive model
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System of conservation laws

 Using the combined notation:

 The system can be expressed in standard form with jump conditions:
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ALE & URTL Formulations

 Through integral transformations and Reynolds transport theorem:
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Conservation laws in linear elasticity

 In linear elasticity the set of 1st order conservation laws is:

 With jump conditions:
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Dynamic crack propagation – 1- D
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Dynamic crack propagation – mode I

20

BONET, J., GIL, A.J., Mathematical models of supersonic and intersonic
crack propagation in linear elastodynamics, International Journal of Fracture,
229 (1), pp. 55-75., 2021.
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Dynamic crack propagation – mode II
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System of conservation laws

 Using the combined notation:

 The system can be expressed in standard form with jump conditions:
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 The system has a convex entropy extension function and 
associated fluxes such that (Wagner):

 For thermo-elastic problems S is the “ballistic free energy” B:

 Globally:

Convex entropy extension - Stability
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 Using conjugate variables the weak form of conservation laws 
are:

 Which in component form is:

Weak form conservation laws
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 We use a corrected SPH discretisation using kernel functions W
such that function gradients are:

 In order to mirror vertex centre FV methods this is written as:

Corrected SPH Discretisation
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 Using particle integration and CSPH evaluation of gradients gives:

CSPH semi-discrete equations
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 Multiplying semi-discrete equations by conjugate variables and adding:

 Stability is ensured if:

SPH Stabilisation
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Discrete Fracture modelling

 As a particle reaches fracture criterium (maximum principal stress)
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TIME INTEGRATION

 Integration in time is achieved by means of an explicit Total Variational
Diminishing (TVD) Runge-Kutta scheme:

with a stability constraint:

 Geometry increment:

29

3D SWINGING PLATE I

Problem description: Unit solid cube, �� = 1.1 × 10���/�� , � = 1.7 × 10��� , � = 0.45, ���� = 0.3, �� = 5 ×
                                                 10��,  �� = 0.5 Δ�, �� = � = 0, � = � = 1, � = −2 , lumped mass matrix
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L-Shape rotation

Video

3D TWISTING COLUMN –
COMPARISON

32
Video
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3D TWISTING COLUMN – ST VENANT
M

O
X
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n
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0
1
9
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Assessment of ALE equations- Patch test

34
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Assessment of ALE equations-
Convergence

35

Taylor Test

36

Video
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Coining Test

37
Video

Dynamic Fracture

Video
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Dynamic Fracture

Dynamic Fracture
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Dynamic Fracture

Dynamic Fracture
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Dynamic Fracture

SUMMARY 

 Solid dynamics can be formulated as a set of 1st order 
conservation laws

 Using extended set of geometric variables allows for convex 
entropy extensions, in the form of the ballistic energy

 It is possible to extend the formulation to Arbitrary Lagrangian
Eulerian in a robust manner

 In the context of Smooth Particle Hydrodynamics, the new 
formulation allows for stability and 2nd order convergence

 In linear elastodynamics the first order formulation allows for 
novel analytical solutions in dynamic crack propagation with 
intersonic and supersonic results

 The extension of these solutions to SPH permits a novel way to 
model dynamic crack propagation
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