INTERNATIONAL CENTRE FOR NUMERICAL METHODS IN ENGINEERING

& CEﬁCA
=

Ml Generalitat UNIVERSITAT POLITECNIGA =
) sy S -

SPHERIC June 2025 - Barcelona

Stabilised SPH formulations in large strain
ill solid mechanics

Javier Bonet, CIMNE

A.J. Gil, (Swansea University) &
C.H. Lee (Glasgow University)
A. Ghavamian, J. Haider, C.J. Runcie, P. Refachinho,
T. Jaugielavicius

CIMNE?® OUTLINE

Motivation & Aims

® Solid dynamics as 15t order conservation laws
€ Large deformations — mappings
4 Dynamic conservation laws
€ Jump conditions
@ Linear elasticity
€ ALE & URL formulations

® Stable Smooth Particle Hydrodynamics
€ SPH Discretization
€ Ballistic Energy and stability
® Dynamic crack propagation
€ Model transonic and intersonic analytical solutions
€ Mode Il transonic analytical solutions
€ SPH Implementations

Examples

Summary and Conclusions

6/20/2025



CIMNE"® Motivation — Previous Work
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® INTRODUCTION ]
DEVELOPMENTS IN SPH SIMULATION OF * F"g:':["j"&;gﬁ“'-ﬂlomi- CORRECTED SPH g
FLUID AND SOLID DYNAMICS P RS Y ¢
J. BONET, ® DEBRIS FLOWS £
. z
J. FELDMAN, M. RODRIGUEZ-PAZ, & Y. VIDAL* @ DYNAMIC REFINEMENT g
(* LaCaN, Universitat Politecnica Catalunya) @ STABILISATION
®_FIRST ORDER CONSERVATION FORMULATION |
— ® CONCLUSIONS & FURTHER WORK

3 DYNAMIC PROBLEMS — VARIATIONAL E
3 _ HESSIAN STABILISATION
ey FORMULATION e

® In order to remove mechanisms, we introduce a stabilisation
term in the evaluation of the gradient:

il ® Consider a continuum in motion represented by a large set of
- Lagrangian particles:

" Vity = 3 tygu(al) + n| HE @) - Va(Ven) b "
4 ’ ]
%’ where n is a dimensionless stabilisation parameter and o
-; denotes the Hessian operator ;
. i z
& Hi@l) = 3 oMl (@) Wl (p) = ViVa(Vallia)) 3
@ The equations of motion can be expressed in a variational 4 g g
form or energy form by defining: A ¥ o T can o ro-oxprossad ao: :é‘
Total kinetic energy: K = 1% m, (v, - v,
. ay 52, ma (v va) g Vits = 3 Gyab(=h);
Total internal energy: Il = Z.. myn(p. F....) 3
Total external energy: ], — — my(x, - g) " i
=2 4 g = alal) + 0| Hl =) - 3 gz © g.la)|n
Dissipation potential: Il = Y m,u(d...) [ 54]
2 B 3

CIMNE?® MOTIVATION

® Computational Solid Mechanics is a well established and mature
subject and there is extensive software available.

® Formulations are usually displacement based where deformation
gradient is a function displacement derivatives

SPH is well established for Free surface flows

There are various displacement based Updated Lagrangian or
total Lagrangian formulations for solid mechanics

® Many stabilisation techniques have emerged in the context of
displacement based SPH formulations that eliminate tensile
stability and hourglassing

® In the CFD community entropy compliant stabilisation schemes
such as upwinding or JST are routine used

® Inrecent years a new way of formulating solid mechanics as a
system of first order conservation laws have been proposed by
the authors - this allows the use of CFD stabilisation technology .
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CIMNE"® MOTIVATION - Fracture

@ In fracture mechanics experimental and DFT results have shown
supersonic and intersonic solutions that cannot be explained by 2
order displacement based dynamic equations in linear elasticity

Cracks in rubber under tension omy
exceed the shear wave speed Simulating materials failure o™ \ p P

Paul J. Petersan, Robert D. Deegan, ...,Farid F. Abraham*{, ...

M. Marder, and Harry L. Swinney Hyperelasticity governs dynamic

fracture at a critical length scale

Markus J. Buehler1*, Farid F. 5

Abraham2* & Huajian Gao1

CIMNEF Aims

® Toderive a mixed formulations for solid dynamics where
variables are velocities/displacement AND an extended
deformation set that renders the strain energy convex

® Toderive conservation laws and jump conditions for deformation
variables in dynamic applications

® To apply the framework to obtain novel analytical intersonic and
transonic crack propagation solutions

® To use the framework to derive stable and consistent smooth
particle hydrodynamic (SPH) formulations for solids

® To use this formulation to develop novel approaches for dynamic
fracture
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CIMNE? Large Deformation Mappings

® Consider a large deformation process:

x = ¢(X,t)

® The fibre, area and volume map are defined by:

de = FdX; F =V x= oz Controls

0X Bending

CIMNES® Tensor Cross Product in Solid
Mechanics

® The volume and area map are (3-D):
H = Cof(Vyz) = ;VzxV
J=detViz=1H:F=:Vz:(VzxXxV)
® \Where the tensor cross product is:
[AxB|; = gijkgleAjJBkK

v-(AXB)V = (vxA): (BxV)
(AXB)(VxW)=AV xBW + BV xAW
(v, @ V))X(v, @ V) = (v, x0y) @ (V) x V)
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CIMNE?® Polyconvex elasticity

® Large strain polyconvex strain energy functions £ satisfy
(Ball76):

E(F,..)=W(F,H,J,..); W convex

® Neo-Hookean (or 2-D):

Wyy(F,J) = 2uF - F + f(J)

@ Mooney-Rivlin:

Wy g(F,H,J)=aoF : F+ pH : H + f(J)
Where: a-i—,@’:%

f(J) = 2 =T ) = 201nT — 487
2e

CIMNE® Conjugate Stresses and 15t Piola-

Kirchhoff Tensor
® The conjugate stresses to fibre, area and volume maps are:
ow ow ow

N

Foor TH om0
® The relationship between Piola-Kirchhoff and these stresses is:
DE(F)[6v] = DW(F, H,J)[6v]
= X, : DF[6v]+ Xy : DH[év] + X, DJ[6v]
=X, : Vv + X, (FxVv)+ X H: Vv
= (Sp+ T xF + 5,H): Vv
=P :V v
P=3%,+Y¥,xF+XY H
® For Mooney-Rivlin:

Y, =2aF, S,=28H X =f(J) 10
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CIMNE?® Multiphysics - thermoelasticity

® Additional physical effects can be included through energy
conjugate pairs. For instance, for thermal effects, entropy is the
energy conjugate variable to temperature:

a&

a¢ gy = g2
dt K

F=cons

® The energy is now a convex multi-variable function as:
E(F,n) = W(F,H,J,n)

® Physical parameters can be used to derive particular functions:

& = ¢, (specific heat coefficient)

do F=cons

dp . .

— = —I', (Mie-Gruneisen parameter)
ae J=cons

W(F,H,J,n) = Wy(F,H,J) + ¢,0pe" =7 (e"/Cv - 1)

1

CIMNE?® Dynamic Conservation Laws

® Consider the conservation of linear momentum:
ifpofudvszodv+ [ta4  t=PN
dt 9) 2 a9,

® |In differential form:

%—I;—DIVP:jE); D = pyv

® Conservation of Energy (first law of thermodynamics):

d
agEdV:f(ro+v'ﬁ)dV+ [ (w1, -Qy)dA

0, 09,
0FE 1
— +DIV(Q-Plw)=n+v-fi; E=-—p-p+¢&
ot 200
dn Q| _ . _ Ty, Dy 1
aﬁ‘DIV[;]—SO, 80—§+T—0—2Q'V09

12
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CIMNE"® Geometric Conservation Laws

® Conservation of deformation gradient:
F=V,= deV: fcl)@dA
Q, a0,

:»%deV: fv@dA

Q, a9,

OF
& DIVweI)=0
ot S
® Conservation of volume map:
d d
- dv_fv-da;»afjdv_ fH.(v@dA)
Q o9 Q, 29,
97 DIV(H ) =0
CIMNE?® Conservation of Area Map

® Using the tensor cross product:

H=FxF; = oH _ F xV v = CURL(vxF)
2 ot
® Where the material curl is:
O0A.
CURL(A)|, = & 18
[ ( )LI IJK aX

® A conservation law emerges as:

‘96—‘;[ — CURL(vXF) — 0

d
%fHdV = f Fx(v®dA)
0, 09,

14
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Conservation laws for Solid
Dynamics

CIMNEE®

® The complete set of conservation laws is:

Op
£ _DIVP =
ot B

OF

o _ DIVw®I) =0
o (v®I)
OH _ cURL(wx F) = 0
ot
9 _ prv(HTv) = 0
ot
In Q
— + DIV(=) =
ot G =%

® And constitutive model

v="p P=PFEHJ.); Q=QNV,0); 0=0nF,.)
Po

15

CIMNE?® System of conservation laws

® Using the combined notation:

p PE,
F v E, 111010
U=H|;, F=—|Fx(voE)]| E ,; =|0},1},0
J H:(v®E)) 01]10] (1
n @ /0
® The system can be expressed in standard form with jump conditions:
fo
0
:6_U+3£_8:0; S=|0
ot 0X, 0
0

vlu]=[#y]

16
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CIMNE"® ALE & URTL Formulations

® Through integral transformations and Reynolds transport theorem:

&]—WP_DIVX[(P+I’®W)H\II] =Juky

aszm En
OF R
OF,
— —DIV.W®I)=0
] Y ! )
\ a0 / OTuiy - DIVx(pOH\IT/W) =0
U, W, Fy /?’ NN, 0Ty . Q,
£ " DIVX nH W — E = Jy5
\

Lagrangian formulation (URL),
particle shifting and velocity shifting

Referential domain

. ; Includes, Updated reference

P=v+FW: F=FgFg >
formulations

C. H. Lee, A. J. Gil, P. R. R. de Campos, J. Bonet, T. Jaugielavicius, S. Joshi and C. Wood, A Novel
ALE SPH Algorithm for Nonlinear Solid Dynamics, CMAME 2024.

Conservation laws in linear elasticity

CIMNEE®

® In linear elasticity the set of 15t order conservation laws is:
1

vV=—p=1u
a—p—divo =f Pp
ot o =\rG + u(G + G");
a—G"—div(v(X)I)—O
® With jump conditions:
pelo] = ~[o]n
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CIMNEE®

Dynamic crack propagation —1-D

T o >T
Fracture
c=T/A c=T/[A "
s Time=0
Stress profile B Velocity profile
c=T/A4 c=T/A U
¢ c __f.
Time =t
7 -
Stress profile c Velocity profile
—v
o E
v=—; c¢c=,—; ch‘::%,(n)?:i(f2
pc p

19

CIMNEE®

Dynamic crack propagation — mode |

MMM
—>
Cg U;;l
WY
Region 111
(I
T2
a[m,ez 0 Shear shock
Pressure shock
oD 90°
e, v _ 9
am = e
‘I Cp
Symmetry € I (/
\crack U = ﬁ”v G 2 \E("

BONET, J., GIL, A.J., Mathematical models of supersonic and intersonic
crack propagation in linear elastodynamics, International Journal of Fracture,
229 (1), pp. 55-75., 2021. 20
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CIMNE®  Dynamic crack propagation — mode Il
Ty P . Tg)
v, e Pressure shock ‘L-EI)T Ti-ﬂ]
-«
e, |Regionnr .
L., |
crack — “
—
Regio \LDT ﬁi;)
)
o, = 2a; oD — ii—A + 2p e
cosa, = cp/2cs PCy A
o+ A 21
CIMNE?® System of conservation laws
® Using the combined notation:
p PE,
F v E, 1110]|0
U=H|;, F=—|Fx(voE)]| E ,; =|0},1},0
J H:(v®E)) 0| (0] ]1
n @ /0

® The system can be expressed in standard form with jump conditions:

%o
0
:3_U+3£_8: ; §S=|0
ot 0X, 0
%0
U[[Ll]]z[[.’FNH 22
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CIMNE?® Convex entropy extension - Stability

® The system has a convex entropy extension function and
associated fluxes such that (Wagner):

95 oA _
ot | X,

® For thermo-elastic problems S is the “ballistic free energy” B:
B(Lt):E—GRn:ip-p-l-W(FHJn)—GRn;

AG 0B
AI ZTQ[ *P(’U@E[), V=— ou _{'UEF,EH,EJ,AG}

® Globally:
d .
ngdv ~10, - O, <
A0 A0
My = [fy-vdV+ [t,-0dd Q= [=- oV~ f Q, dA
\%4 oV %4 23
CIMNE"® Weak form conservation laws

® Using conjugate variables the weak form of conservation laws
are:

o6V!

féVTleV f&vTde+ f F dA— [ 6VTF, dA

v
® Whichin component formis:

fvév-pdV:ffVP:Voévdevév-foanLfavév-thA
f&z -FdV—féE - V,6vdV
f&z CHAV = f&z (FXV,6v)dV

J 65,dav - fv 55, H : (Vysv)dV

) _ Q B I 1
fvéendv _fve LV, 60dV fvée[e *0—2Q'V09 dv
ff 5098 4.
oV GB

24
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CIMNE"® Corrected SPH Discretisation

® We use a corrected SPH discretisation using kernel functions W
such that function gradients are:

VOQDL = Z Vb(gpb o wa)?OVVb(Xa)
~ beA?
VUVVIJ(XQ) = LaVUVVb(Xa)

La = Z Vb(Xb - Xa) @ VOVVb(Xa)
beA?

® |n order to mirror vertex centre FV methods this is written as:

1
a = 7 Z %(Sob - Soa)Cab
b beAl
Cab = 2VaVb@OVVb(Xa); Cab = _Cba

Ve

25

CIMNE? CSPH semi-discrete equations

® Using particle integration and CSPH evaluation of gradients gives:

V(zp(z = Z %(P(lcab - B)Cb(z) + V{z-f() + A(ztf + Z D:h

o bEN beA!
VaF{z = Z %(vb - v(z) ® Cab
beA?
V{ZH{Z = F x Z %('vb - va) ®C,
beAb
V(zj(z - H{z : E%(vb _va) ®C(zb + Z Da]h
beAb beA?
V(z,r‘l(z = Z %[%Cba - &Cab] - Q_Qﬂ ’ Z %(911 - 9(1 )C(zb
beA? 0, Oa 0, beAb
o @
+Va i B _gAa

a

26
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CIMNE"® SPH Stabilisation

® Multiplying semi-discrete equations by conjugate variables and adding:

d . 0
E - V(zB(z - Hext - Qext = z{l:va e_gQa ’ v00()({1)
- Z %("’b *"’a,)'D;b
abeN!
- > A=) =), <0
abeN!

® Stability is ensured if:
Dy, =8 (v —v, ) Dy =Su(%) — )

Sy = %p”éab

Cpnab ® nab + CS(I - nab ® nab)];
2

SJb — ||HabCab
¢ 2pc. |C
Pey ” ab 27
CIMNE® Discrete Fracture modelling
® As a particle reaches fracture criterium (maximum principal stress)
HFH - Fa+ _Fa = B(z ®NX;
& P(z+(F(z - B(z ® NX)NX =0
/i;f/ Av, = Avn,
a 2
Log (Av,) = &F,) - &(F;)
28

6/20/2025
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CIMNE?® TIME INTEGRATION

® |Integration in time is achieved by means of an explicit Total Variational
Diminishing (TVD) Runge-Kutta scheme:

u7<7,1-|)—1 = uﬂ, + Atuﬂ
2 1 Y(1
ur(L+)2 - ur(zll + Atufr(w)l
_ 2
unJrl - %un + %ur(LJBQ
with a stability constraint:
h .
At = CFL -
Ulnax
® Geometry increment:
t
wn+1 =z, + 7(”7; + vn+1) 29

CIMNE?® 3D SWINGING PLATE |

Problem description: Unit solid cube, p, = 1.1 X 10%kg/m®, E = 1.7 X 10”Pa, v = 0.45, acp, = 0.3, Uy =5 X
107%, 7 = 0.5 At, T, =a=0,A=B=1, C=-2,lumped mass matrix

Y.y
4
i)
‘ A sin (—Lr? ) cos (Li{’) cos (Lf‘ )
3 x X
u = Upcos (Tl'ﬂﬁf) B cos ( "l,l ) sin (T—,l) cos r—.’,‘l
X, x Zz - c o =X o ®Xo N . wX3
- > cos e cos o sin A
Linear momentum Stresses
107
10%¢
-2
5 5 10
& &
E 1072 E
§ 10 5
> =
5 400
©Upwind-SPH & Upwind-SPH
&5 PH SSUPG-SP
104 BIST-SPH BIST-SPH
--Slope = 2 --Slope = 2
104
107 10" 10° 102 107 109
Particle Spacing Particle Spacing

6/20/2025
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CIMNE® L-Shape rotation

Problem: L-shaped block, neo-Hookean model, pr = 1000 kg/m?, E = 50.5 kPa, v = 0.3.

Fa(t)

i
(0, 10,0

] w2 30 10 W6 0 10 20 0 %

%0
Time [s Time [s]

X" (6,0,0) 15 10"

Fi(n) = —Fy(1) = (150, 300, 4507 p(r);

t 0< <25
p() =<5 —1 25<5r<S
0 1>5

[L-shaped block]

Video YEPYV VeV ¥ R
0 10 20 30 0 50 o 0 10 20 30 0 50 G0
Time [s] Time |3

3D TWISTING COLUMN -

CIMNE® COMPARISON

Problem: Twisting column, neo-Hookean model, pg = 1100 kg/m", E =17 MPa, v = 0.495.

o = [0, sin(xY/2H), 0] radss 41246 x 41 40x 240406 40240 x 40 20 % 120 % 20
Yoy
T (05,6, -0.5)m
J H-ém
(-05005)m o - Y
¥7,: e
Upwind SPH  Vertex-based FYM  OpenFOAM  Standard SPH
[Twisting column] e TURR U wiu RRNRERE LA NRTRUNRLAVTRURTRN L FERRRRR w v AREREa iy
Video Pressure (Pa)

ve

6/20/2025
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CIMNEE® 3D TWISTING COLUMN - ST VENANT

| Highly localised deformation |

7A9E01 792601 BSE01 9IBED 719E01 792601 885E01 93801

‘ Negative acoustic tensor

L M R
0 X\ \T
vV =wXX; w=(0,0,100sin { —
2L

CIMNE® Assessment of ALE equations- Patch test

- Patch test: pg = 1100 kg/m", E = 17 MPa, Poisson’s ratio v = 0.45, initial velocity
vo=[1,1,0]", 3 =002, H=6m,L=1m,T = 0.5 s. Finite Volume Method.

[Patch test] Prescribed material motion:
Y

> . 2 . 2mx
Asin® (2) sin (—WE‘J-) [Cos (;H\—’-) + sin (—?—1)]
i

Uy = 58 sin? (T) sin (Zﬁ,fz ) [Cus (Zﬂl:\' ) + sin (le.,\l )]
0

10
107 ! 10-1 ! ;
1o
102 ot b
T B R VA T VP O LY e P
A B B Pt A N VA Wa e We Wl
s _ﬁq., -‘t., \,.-Emg-,ﬂqu e T R Y A *
; 28 3 . T T A R
o fTRYR YRy S i A WA Y
S el mmmvewe (Fede) s 2 10
g =wav, 10 {Fy,Jp) T o <
- o Jo s = 10
= no e 1012
. complete ALE system 10-*
LA T s complete ALE system 104 _ga-g-t=0 e =0--0-0=0"¢ R
-g--a-a-a-8- 3 =g=no{Fe.le} o =800 {Fy,Jo
10-12 L= e ro m——nody - et g
| =8= complete ALE system —& = complete ALE system
§o%e 10 o
L] 1 2 1 o 1 2 3 1 5 0 1 2 3 1
Time (s) Time (s) Time (s}

34

6/20/2025

17



6/20/2025

CIMNE® Assessment of ALE equations-
M Convergence
- Large strain: neo-Hookean, pg = 1100 kg/m"‘ E = 17 MPa, Poisson’s ratio v = 0.45,
vo = Im/s, 3 =0.02and T = 0.5 s. SPH method.
Prescribed material particle motion:
A sin® (%) sin (EW,:“ ) [cc'm (21:?2 ) + sin (2".,}3 )]
Y uw= | 53sin* (%) sin (ZﬂHX’ ) {cos (ZW—LKL) + sin (MTXL)]
0. 0
[Large strain]
0 e B e
SPH (from left to right) FVM
35
CIMNE?® Taylor Test
Taylor bar: von-Mises plasticity, pg = 8930kg/m?, E = 124 GPa, Poisson’s ratio v = 0.34,
yield stress 1‘3’.’ = 90 MPa, hardening parameter H = 292 MPa. SPH method. [Impact]
2 ALE  CTLF o T
} # i
000K : :HH> = .\
L 0.0,0.0324) a8 -
vo = Vo [0,0,—1]7] a i A <
i C’ L
I A
-y 2
) —
IR e
S0 - 25
A le ALE M1 o
s I l+ ALE M2 £ 5303883288
=-2rea o o
aen ALE M3 = -
§ vy, :TLF M3 g F ar ey
£-4 oxc‘o\}}::fli- aman *o
g ' tesstititinig i M1
H -6 QO'OOO-O M2
E O{)DO—QOOOT M3
23
0 2 -+ 6 8 4 6 8
\ Time (s) <107 Time (s) <108
36
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CIMNE® Coining Test

Large plastic flow: Hencky-based von-Mises plasticity, pg = 8930kg/m’, £ = 1 MPa,
Poisson’s ratio » = 0.3, yield stress 7‘-_? = 250 Pa, hardening parameter H = 1000 Pa. Velocity
Vo = 10 m/s. Time 1y = 6e—*. Material mesh motion via conservation type of law.

ittt
<

(0.03,0.01)

i

®
0,0)

LR
V(r):{!o £

Vo  otherwise

[Coining]

Video 37

CIMNE® Dynamic Fracture

Problem: Mixed-mode dynamic fracture, linear elastic model, pr = 2400 kg/m‘, E = 31.37
GPa, v = 0.2, maximum principal stress o§'®* = 10.45 MPa, fracture energy G; = 19.58 N/m,
10 =1.96 x 107*s and Vy = 0.06 ms~".

Vot

o <

V=g =0
Vo otherwise

[Beam impact] Video

6/20/2025
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CIMNE® Dynamic Fracture

Problem: Notched plate with hole, linear elastic model, pp = 2000 kg/m?, E = 59.83 GPa, v = 0.22,

maximum admissible principal stress of'®* = 80 MPa, and V' = 0.5 ms—1,
Y,
4
i
] 7T
S
003514
1m) el 2. A review on phase-field models of brittle fracture
and a new fast hybrid formulation
i Marreddy Ambati - Tymofly Gerasimey -
0.0651m Laurs De Lorenzis
ﬂmn[ -
10,020 | 0.0285m X
o ey
00650

[Notched plate]

CIMNE® Dynamic Fracture

- Problem description Linear elasticity, pr = 2450 kg m—3, E = 32 GPa,
Poisson’s ratio » = 0.2, maximum principal stress Smax = 7.3485 MPa. A traction
t = [0,1,]" is applied over time. Two loading scenarios are considered: (1) step
function in #,, and (2) a smooth function characterised by the parameter

50 mm
100 mm
T I TTIT T
-t
: _{ I MPa -t/ty t<tg
y =

1 MPa t>1t
Pressure
-1.0e+06 -500000 o 500000 less 15e+6 Zess 25246 302406

19 = 0.515 ps.

t
RN RN AR AR AR

10 1
— 20 mm |-

[

6/20/2025
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CIMNEE®

Dynamic Fracture

- Problem description Linear elasticity, pg = 2450 kg m—3, E = 32 GPa,
Poisson’s ratio » = 0.2, maximum principal stress Smax = 7.3485 MPa. A traction
t = [0,1,]" is applied over time. Two loading scenarios are considered: (1) step
function in ,, and (2) a smooth function characterised by the parameter

o = 0.515 ps.
t
LULCLLLT ULt
. 50 mm
;;E: 100 mm
ts I \..\l|!‘!‘.\..\[|;‘l.tHIH|HI|\H..\.‘H
(r, = IMPa; 0% 0]

/
/
/
/
/

CIMNEE®

Dynamic Fracture

Time: 0.000000 Time: 0.000000

7.3e+06
- be+b g
)
2 5e+6 "g"_
de+o 2
ol
36+6 :E)
2e+6 £
5
le+b6 s
0.0e+00

6/20/2025
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CIMNE® Dynamic Fracture

- Problem description Linear elasticity, pg = 2700 kg m—3, E = 71.4 GPa,
Poisson’s ratio » = 0.25, maximum principal stress Smax = 344.862 MPa.

5 mm 10 mm 15 mm

30 mm

; »[0] 104 [0

(RNRRRRRRRRRRRARA)

12 mm [
%

©
e (b) O

o
it~

wu 2p

28 mm —-I

L

<
%

L1777,

ol o
e

26 MPa  when y = 10 mm
28 MPa wheny = 15mm

[
22MPa wheny=>5mm (c) O w 9
ty = { f _/

(a) Element deletion method (song et ar., 2007]
(b) Pseudo-spring SPH [istam ez at., 2020]

(c) Discrete element method [Kosteski er ai., 2012]

CIMNE® SUMMARY

® Solid dynamics can be formulated as a set of 15t order
conservation laws

® Using extended set of geometric variables allows for convex
entropy extensions, in the form of the ballistic energy

® Itis possible to extend the formulation to Arbitrary Lagrangian
Eulerian in a robust manner

® In the context of Smooth Particle Hydrodynamics, the new
formulation allows for stability and 2" order convergence

® In linear elastodynamics the first order formulation allows for
novel analytical solutions in dynamic crack propagation with
intersonic and supersonic results

® The extension of these solutions to SPH permits a novel way to
model dynamic crack propagation

44
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